ON THE BOUNDEDNESS OF GENERALIZED CESARO OPERATORS 

ON SOBOLEV SPACES 
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Abstract. For /3 > and p > 1, the generalized Cesaro operator 

o : -^^ 

Cn ■ and its companion operator C^ defined on Sobolev spaces Tp (i") and 7p "(|t|") (where 

^ . a > is the fractional order of derivation and are embedded in LP(M+) and LP{M.) 

respectively) are studied. We prove that if p > 1, then Cp and C^ are bounded operators 



Oh. 
< 

in 



m 



and commute on Tp it"') and Tp i}t\°'). We show explicitly the spectra cr(C^) and (y{C*a) 
and its operator norms (which depend on p). For 1 < p < 2, we prove that Cp{f) — Cg{f) 
_^ ' and Cpif) — Cp{f) where / is the Fourier transform of a function / G LP(R). 

1. Introduction 

Given 1 < p < oo, let L^(M+) be the set of Lebesgue p-integrable functions, that is, / 
is a measurable function and 



> 

(N 

S: ii/iip:=( /^ \mrdt) <oo 



i/p 



'nI" . The classical Hardy inequality (see pU| p. 245]) establishes that 



1 /■* 

J I fis)ds 







'dt^ '<^ll/IU fei^ii 



/S • for 1 < p < oo and therefore the so-called Cesaro transformation C, defined by 

^ : 

(1.1) C{f){t) = ^l'f{s)ds, t>0. 
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is a bounded operator on L^(M+) with ||C|| < -^ for 1 < p < oo. In fact, it is also known 
that if /3 > 



'0 



j^l\t-sr-'f{s)ds 



p \ 1/p r(R -I- '{^^(^ _ i 



r(/3 + i)r(i 



dt] < r(/3 + l-i) "^"" ^^^'^^ 



for 1 < p < oo and the constant ^'is+i-h'' ^^ optimal in this inequality, see [101 Theorem 
329]. A closer (and dual) inequality is the following 

f r(a + i)r(i 



;i.3) 



/3/ ^' f'^ rndt 



dx < 



Also the constant — ? — jy^ is optimal in the above inequality ([10, Theorem 329, p. 245]). 
Note that inequalities (II. 2p and (II. 3p show that operators C^, C^ where 



C,f{t) := ^ f\t - sr~'f{s)ds, qf{s) := (3 T ^^ f~' f{t)dt, 



'0 

define bounded operators on L^(]R+), Ci = C and CI = C*. By Fubini theorem, the dual 
operator of C^ on L'p{R+) is Q on Lp'(M+), i.e, 

/•OO /"OO 

/ Cpf{t)g{t)dt= fis)C;gis)ds, / G L^(R+), ^ G Lp'(M+), 

Jo JO 

where 1 < p,p' < oo and - + ^ = 1. See other properties about some of these operators 

in[51El[n]. 

Recently, A. Arvanitidis and A. Siskakis ([3]) showed that the half-plane versions of 
Cesaro operators on the Hardy space TipilJ), defined on U := {2 G C : lm.{z) > 0} by 

1 /"^ f°° F(s) 

(1.4) C{F){z) := - / F{s)ds, C*{F){z) := / -^ds, F G HP{V), 

z Jo Jz s 

define bounded operators on 'Hp(U) when p > 1. Both operators C and C* can be 
obtained as resolvent operators of generators of some appropriate strongly continuous 
Co-semigroups on 'Hp(U). 

Similarly, W. Arendt and B. de Pagter ([2]) studied the Cesaro operator (II. ip defined 
in an interpolation space E of (L^, L°°) on M+. When E = L^(R'^), the authors obtain a 
representation of C in terms of an appropriate resolvent operator, see |2l Corollaries 2.2, 
4.3]. 

In yL2j, Sobolev subspaces Ti"\t°) and T}"\\t\'') (contained in L\R+) and L\R) 
respectively and where a > is the fractional order of derivation) were introduced. In 
fact, these subspaces are sub-algebras for the convolution products given by 

(1.5) f*9{t)= [ f{t-s)g{s)ds, t>0. 
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and 

/oo 
fit - s)gis)ds, t e M, 
-oo 

respectively. These algebras are canonical to define some algebra lioniomorphisms (defined 
by integral representations) into B{X), the set of all linear and bounded operators on a 
Banach space X. See further details in [12]. 

Further, in [12] Sobolev subspaces Tp {t") contained in Lebesgue spaces L^(M"'") {p > 
1) were introduced and studied in detail. Some remarkable results were proved (see 
Proposition 12.21 below). In particular, the subspace Tp {t°') is a module for the algebra 
Ti {t") for the convolution product * given by (11.51) . 

Hence, it is natural to ask in what extent the boundedness property of the operators 
Cjs and C^ remain valid in the above described Sobolev spaces. 

The main aim of this paper is to study boundedness, representation and spectral prop- 
erties for the generalized Cesaro operators C/j and C^ on Sobolev subspaces of fractional 

order a > embedded in Lp(]R"'") and L^(M) (which are denoted by 7^ (t") and 7^ (|t|°) 
respectively). 

The outline of the paper is as follows: In the second section we remind some basic 
properties of the Sobolev spaces 7^ (t") (where Tp {t") ^-^ L'^iM.^)). We also prove new 
results, see for example Proposition 12. 4[ The main tool of this section (and in the rest of 
the paper) are the Co-group of isometries on Tp {t"), (Ttp)(g]R given by 

T,,p/(s) := e-^/(e-*s), / G T^^^Hn- 

In the Theorem 12.51 it is identified its infinitesimal generator and, its spectrum, in Propo- 
sition 12. 6[ We note that this strategy has been pursued by other authors. We mention 
here [21 El [23] . 

In the third section, we study the generalized Cesaro operators Cp and Ct defined on 

Sobolev spaces Tp {t"'). We first show that both operators are bounded operators and 
commute for p > 1. In fact, we have 

r(/3 + i)r(i/pO ^ r(/3 + i)r(i/p) 

" ^" T{l3 + l/p') ' " ^" r(/3 + l/p) ' 

for a > 0,p > 1, P > 0, 1/p + 1/p' = 1. It is remarkable that the composition CaCt may 
be described explicitly involving the Gaussian hypergeometric function 2-F1 (see Theorem 
13.121) as follows: 

for a, (3 > 0. 
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Using the description of Cp and Q in terms of the Co-semigroups (Theorem 13.31 and 
Theorem 13 .yp . we are able to determine the spectra, cr(C/3) and cr(C^) (Theorem 13.51 and 
K9\\ as: 

and 



ra + tt) 

where l/p+ 1/p' = 1. In particular, the operators Ci and C* can be obtained as the resol- 
vent operator of appropriate Co-semigroups, namely {Tt^p)t>o and (T_t,p)t>o, respectively. 
We remark that in case /3 = 1 we obtain: 



aiCl) = {weC : |^-f| = f} 



This gives a proof of a conjecture posed by F. Moricz on Lp(M"'") pTf Section 2] and new 
proofs of some results given in [SI E] . 

In Section 4, we introduce and give some basic properties of the Sobolev spaces 7^ (|t|") 
(here Tp {\t\°') M- L^CR)). We also prove that the space 7^ (|t|") is a module for the 
algebra 7^ (|t|") and the ^-convolution product given by (II. 6p . Moreover, the following 
interesting inequality holds: 

* 9\\Up < c„,,|||/|iu,,|||(?|iu,i, / e r}"\\tn, 9 e r/"^(|tr). 



In section 5, we study boundedness, representation and spectral properties of generalized 
Cesaro operators on M. Again, it is relevant to mention that the Co-group of isometries 
on Tp°'\\t\°'), {Tt^p)teR given by 



n, 



T,J{s):=e-^f{e-'s), f e %^"\\t\ 

(Theorem 14. 4p is the main tool to prove the main results in this section. The generalized 



Cesaro operators C/s and CI defined on Sobolev spaces Tp {\t\") are described in terms 



of the Co-group of isometries {Tt^p)teR- Similar results shown in the case Tp {t"") hold in 
this case, see Theorem 15.21 and 15.31 below. 

In the last section we show that C^(/) = C^(/) and C^(/) = C^Q) where / is the 
Fourier transform of a function / G Lp(M) and 1 < p < 2, see Theorem 16.41 We notice 
that our studies in this section extends and complement the main result in [18]. 

2. Composition groups on Sobolev spaces defined on M+. 

Let V+ be the class of C°°-functions with compact support on [0, oo) and 5+ the 
Schwartz class on [0, oo). For a function / G 5+ and a > 0, the Weyl fractional integral 



w:f{t) := {-ir^w-'^--^f{t), t e 
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of order a, W^"f, is defined by 

W-y{t) := :p^ / (s - tr-'f{s)ds, t e R+. 

Tlie Weyl fractional derivative W^f of order a is defined by 

IF' 

where n = [a] + l, and [a] denotes the integer part of a. It is proved that VT" = W^(VK{.) 
for any a, f3 &M., where W^ = Id is the identity operator and (— 1)"!^" = J^ holds with 
n e N, see more details in [12] and [2U] . 

Take A > and fx defined by fx{r) := /(Ar) for r > and / G 5+. It is direct to check 
that 

(2.1) W^fx = A"(1^°/)a, / e S+, 

for a G M. 

Now we introduce a family of subspaces 7^ (t") which are contained in L^(]R^). 

Definition 2.1. For a > let be the Banach space % {t"') defined as the completion of 
the Schwartz class 5+ in the norm 

We understand that Tp (t°) = L^{M.'^) and || ||o,p = || ||p. The case p = 1 and 
a G M where introduced in pj and for a > in JT2]. 

In the next proposition we collect some results about these family of spaces Ip {t°') 
which we may be found in [T9]. 

Proposition 2.2. Take p>l and /3 > a > 0. Then 
(i) Ti^\tP) ^ Ti''\t^) ^ LP(M+). 
(ii) 7;^"^(r) * r/"^(r) ^ rt\t'^) forl<p<oo, where 

(2.2) f*g{t)= f f{t~s)g{s)ds, t > 0, f er}^\t^), g erl°'\t^). 

Jo 

(iii) The operator D^ : Tp"\t'') -^ Lp(M+) defined by 

is an isometry. 
(iv) If p > 1 and p' satisfies - + ^ = 1, then the dual of Tp {t") is Tpi{t"^), where 
the duality is given by 

1 



(/, 9)c. = ^^^r^p / W:f{t)W:g{t)t'-dt, 
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Note that, in fact, 
(2.3) ll/IU,, = \\Dlf\\„ (/, g)^ = {Dlf, Dig),, 






for / G rrit'') and g G 7;r^(r) with J + ^ = 1- 



In the next lemma, we consider some functions which belong (or not) to Tp (t") for 
p>l. 

Lemma 2.3. Ifa,a>0 and p > 1, then 

(ii) (a + ty^ G 7;^"^(r) for 3fJ/3 > I /p. 

Proof, (i) It suffices to note that t^ does not belong to L^(M"^). 

(ii) For < 3fJ7 < gfJ5 and a > it is well know that W~^{a + 1)-^ = ^^^{t + a^-^, 
see for example |9l p. 201]. With this formula, it is easy to check that 

W:{a + t)-^ = ^^^^{t + a)-(-^^\ 
Thus for f(t) := (a + t)^^ we obtain 

foo / -p/^ I o\ \ P poo 



P _ 



"'P T(a + 1)P 



i^^:/wr««^(^)f^j^^<^« 



and we conclude the proof. ■ 

Given / G Tp {t"), as next result shows, we obtain that the function / G C(]R'*") for 
p,a > 1. 

Proposition 2.4. Take p,a>l and f e rj'^\t''). Then f G C(M+), limi^oo/(i) = 
and 

supt^|/(t)|<C,,,||/|U,„ fe%^"\n, 

t>0 

where Ca,p is independent of f . 

Proof. By Proposition 12.21 (i), it is enough to check for a = 1. Take t > s > 0, and we 
get that 

|/(t) - /(.)| < I* \f'{u)\du <\f \f'{:u)\udu. 

For p = 1, it is clear that / is continuous and for p > 1, we apply the Holder inequality 
to obtain 

I/W-/(^)I<II/Ili,p(t-.)^, - + ^ = 1. 

p p' 
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Then / is continuous in M+. Take / G 7^ (t"), and 

\fiu)\du<-j u\f'{u)\du, t>0, 

and we conclude that limt^oofit) = 0. Similarly take / G Tp {t") with 1 < p < oo. 
Then we have that 

\f{t)\< j'^ \f\u)\du<(^j\^\f\u)\^dv^' [^j^ ^duY < [^y ii/iii,p 

where we conclude that sup^^g '^^l/('^)l ^ ( A ) *" II/I|i,p ^^^ the proof is finished. ■ 

The following is the main result of this section. It will be the key in the study of spectral 
properties of the generalized Cesaro operators Cjs and C^ defined on Sobolev spaces. 

Theorem 2.5. For 1 < p and a > 0, the family of operators {Tt^p)teR defined by 

T,p/(.) := e"^/(e-*3), fer}"\t"), 

is a Co-group of isometries on 7^ (t") whose infinitesimal generator A is given by 

{Af){s):=-sns)-^-f{s) 

with domain D{A) = Tp'^^^\t''^^) . 

Proof. We check that the operators {Tt^p)teR are isometries: 

\\Ttpf\tr> = 7T7 ^ \W?:Ttpf(sWs''Pds = — -/ \W°:f(e~'sWs''Pds 

-t fOD 

3*lc-"*/'U/"fV,,MP/'c"*,,"'lP/7^, — II /IIP 



e*|e-"*(iy^/)(M)|P(e"*M")PrfM 



where we have applied the equahty (12. ip . 

Using some known properties for fractional derivative ( \20\ p. 96]) it can be shown that 
the family of operatos (T^ p)tgR are strongly continuous, see similar ideas in [2l Proposition 
2.1] and [21 Section 2]. It is straightforward to check that the family {Tt^p)t£R is a group 
of operators. 

On Tp {f^) define {S'j}j>o by St{f){s) := /(e~*s). Then, an easy computation shows 
that the generator A of {St}t>o with domain {/ G Tp {t") : tf G Tp {t")} is given by 
Af(s) = —sf'{s). Therefore, the rescaled semigroup (Tjp)t>o has domain {/ G Tp {f^) : 
tf G Tp {f^)} and his generator is (A/)(s) = —sf'{s) — -f{s). See P p. 60] for more 
details. 

Finally, we prove that D{A) = ri"^^\t''+^) . In fact, let / G 7;^"+^^(r+i) be given. 
Since 7;^"+^^(t"+i) ^ 7;^"^(r), we have / G 7;^°^(r). From [151 P- 246] it is easy to show 
that W^itf'it)) = aW^fit) + tW^+^f{t). Thus, tf G Tp^"\t'') and therefore / G D{A). 
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Conversely, if / G -D(A), then / G Tp {t") and tf G Tp {t"). The same above identity, 

imphes that r+W^+V(^) = rW^{tf{t)) - arW^f{t), and therefore / G Tp^'"^^\r+^). 

■ 

The proof of the following result is inspired in j3] Proposition 2.3]. We denote by o"(A) 
the usual spectrum of the operator A and by <Jp{A) the point spectrum of the operator A. 

Proposition 2.6. For 1 < p < oo we have 
(z) ap(A) = 0; 
(ii) a(A) = iR. 

Proof. {{) Let A G C and / G Tj^'^r) such that A(/) = A/. Then, / is solution of the 
differential equation 

sf{s) + {X + -)f{s) = 0. 
P 

The nonzero solutions to this equation have the form f{t) = ct^^^^^^^'> with c 7^ 0. But 

by Lemma [2. 3 1 these solutions are not in Tp {t""). Therefore o"p(A) = 0. 

{ii) Since each T^ p is an invertible isometry its spectrum satisfies 

<y{Tt,p) (Z{zeC:\z\ = 1}. 

By the spectral mapping theorem (see Theorem ^^ IV. 3. 6]), we have that 

e*-(A) c a{Tt,p). 

Therefore, if w G o"(A), then e*"' & {z E £, : \z\ = 1}. Thus, we obtain that o"(A) C iM. 
Conversely, let ^ & iM. and assume that /i G p(A). Let A = /i + -. By Lemma [2.31 the 

function / defined by f{t) := (l + t)~^^^ G Tp (f^). Since i?(/i. A) is a bounded operator, 
the function g{t) := i?(/x, A)/(t) belongs to Tp {t"). Therefore, g is solution of equation 

Xg{t) + tg'{t) = f{t). 

An easy computation shows that the solution of this equation is G{t) := ct^^+A^^(l+t)^'^, 
where c is a constant. However, as in Lemma 12.31 one can check that G ^ 7^ (t"). 
Therefore, fi G cr(A). ■ 

Now, consider the negative part {T_t,p, t > 0} of the group {T^ pj^gR: that is, for 

T_tJ{s) = ehie's), t > 0. 

Obviously, {T^t,p}t>o is a Co-semigroup on Tp {t") of isometrics whose generator is —A. 
We finish this section, establishing the relationship between the semigroups {Tt^p}t>o 
and {T_t,p'}t>o with ^ + jj = 1. 

Proposition 2.7. The semigroups {Tt^p}t>o and {T_t,p'}t>o ore dual operators of each 
other acting on 7^ (t") and 72/ {t°') with - + ^ = 1. 
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Proof. By the Proposition O (iv) the dual of Tp^"\r) is T^"\t'') (with i + i = 1.) 
Take / G 7;^"^(r) and g e ri^\t''). Then 

/■oo 



r(« + i)'^o 



oo 

e-ie\WXf) {u)e''\Wlg) {ue')u"'du 



1 



r(a + 1)^ Jo 
where we change the variable and we conclude the result. ■ 

3. Generalized Cesaro operators on Sobolev spaces defined on M+. 
For /3 > the generahzed Cesaro operator on 7^ (t") is defined by 

Defining the function 

we obtain the also equivalent formulation of the generalized Cesaro operator in terms of 
finite convolution as follows: 

Cpfit) := J- / gp{t - s)f{s)ds, t > 0. 

9p+i[t) Jo 

We remark that for certain classes of vector-valued functions /, the asymptotic behavior 
as t — 7- oo of Cisfit) in the above representation has been studied in [T3] . 
Note that we may calculate Cp{f) for some particular functions: 



r(/3+i)r(7) . 



Example 3.1. (i) Functions g^ are eigenfunctions of C^? with eigenvalue r(a_,_ -, • 

(ii) Take ex{t) := e"^* for t > and A G C+. Then 

Ci(e,)(t) = 1(1 - e-^*), C2(e,)(t) = ^(e"^* - 1 + At), t > 0. 

Since Cl{ex){t) = — ds for t > 0, we conclude that Cl{e\) ^ C2{ex) and then 

tA Jo "S 
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(iii) More generally, take fx(t) := Ep^i{\t^) the Mittag-Leffler function, for t > and 
A e C+. Then 

CM/A)(t) = ^-^(1-/A(t)), t>0. 

The relationship between these generalized Cesaro operators and fractional evolution 
equations of order a can be also observed in [13]. 

The next Lemma shows a key commutativity property. 

Lemma 3.2. Take a>0 and (3>0. Then DloCp = Cpo D%, i.e., 

Dl{C^{f)) = C^{DUf)), feS^, 

where Dl{t) = ^.^--^ew^fit) for f e S+. 

Proof. By the equality f l2.ip . we have that 

1 

13-1, 



Cp{DlU)m = P il-rr-\trrW^f{tr)dr 
Jo 

= rW^ U j {l-rY-^f{r)dr\ = Dl{Cp{f)){t) 

for f E Sj^ and we conclude the proof. ■ 

The first main result in this section is the following theorem. 
Theorem 3.3. The operator Cp is a hounded operator on Tp {t") and 

r(/3 + i)r(i-i/p) 
" '^'i r(/3 + i-i/p) ' 

fora>Q,p>l and (3>Q. If f E 7;^"^(t"), then 

POD 

(3.1) Cpf(t) = (3 il-e-^y-'e-^^'-'MT^Jit)dr, t > 0, 

where the semigroup {Tr^p)t>o is defined in Theorem \2.5[ 
Proof. We apply the change of variable s = te^^' to get that 

C^fi^) ■■= Yp /(^ - ^f^'f{^)ds = (3 fa- e-^f-\-^f{te-^)dr, 

and the equality (13.1 p is proved. Observe that by this equality, Cp is well defined and is 
a bounded operator on Tp {t"") for p > 1 : taken / G Tp {t""), then 



j'OO 

\Cpf\\a,p < M {l-e-'Y-^e-<^-^'P^\\Trf\U,pdr 
Jo 



oo 



r(/3 + i)r(i-i/p) 
r(/3 + i-i/p) ' 



m\\a,p (i-e-r-v^(i-i/^w^,„,,«,p 
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To check the exact value of ||C^||, note that by the Lemma \^72\ and the boudedness of C^ 
on L^(M+) (see the Introduction) we get that 

\\C^f\\a,p = \\DloC(sf\\p=\\CfsoDlf\\, 

r(/3 + i)r(i-i/p) ,,^,^,, r(/3 + i)r(i-i/p) ,,^,, 
- r(/3 + i-i/p) ii^+^iIp- r(/3 + i-i/p) n^H"'^' 

where we have apphed Proposition 12.21 (iii). ■ 

Remark 3.4. (i) Recall that the Beta function, also called the Euler integral of the first 
kind, is defined by: 



B{x,y) 



Jo 



and satisfies the property B{x, y) = r( j+ ) • Hence, the obtained value for the norm of C/j 
can be rewritten as 

||C^||=/35(/3,l-l/p), /3>0, p>l. 

(ii) In the case p = 1 we remark that Cfs does not take 7^ (t") in 7^ (t"). In fact, 

from LemmaOit follows that, for /3 > 0, hf^it) := (1 + t)-(^+i) belongs to r/"^(t"). By 
[201 Formula 2, p.l73] and ^ p. 38], we have 

Cph^it) = ^^ |^^^t/s = 2Fi(l,/3 + l;/3 + l;-t) = (l + t)~\ 



/3 fHt- s^-' 

'0 

where 2-^1 denotes the Gaussian hypergeometric function. 



F (a b-c-z) - ^^'^ ^ na + n)Tib + n) z- 
2F,{a, b, c, z) .- ^^^^^^ ^ ,^^^^^ -. 

Since C^h^ does not belong to L^{R+) and r/"^(r) ^ L'^{^-^) (see Proposition O (i)), 
we obtain C/3/i;3 ^r}'^\e). 

(iii) Take /3 = 1 and / G 7;^"^(t"). Then 



(3.2) 



Ci/(t) = / e-'^-^'-'MT,Jit)dr = R{\„ A)/(t), A^ = 1 - 1/p > 0. 
Jo 



and by the spectral theorem for resolvent operators (see for example [H Theorem IV. 1.13]) 
we get that 



(3.3) (t(Ci) = <we 



P 

w 



P 



2(P-I)j' 



2(p-l) 

see [TTl Theorem 2] and similar results in [3l Theorem 3.1], and [21 Corollary 2.2]. Here, 
R{-,A) denotes the resolvent operator of A. 
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Note that in case /3 = 2 we obtain 
C2f{t) = 2 / e-^(i-i/P)(l - e-'-)TrJ{t)dr = 2R{Xp,A)f{t) - 2R{\, + 1, A)/(t), 
and, more generally, for /3 = n + 1, 
(3.4) C„+i/(t) = (n + 1) ^ (^\ {-lfR{\ + k, A) fit), n e Z+. 

k=0 ^ ^ 

In the next result, we are able to describe cr(C^) for /3 > 0. 

Theorem 3.5. Let 1 < p < oo, and Cp : Tp (f^) — > Tp (f^) the generalized Cesdro 
operator. Then 



a(C;3)=/35(/3,l-l/p + zM):=r(/3 + l)<l^;^^i^^^^ : te 



Proof. As (Tt^p)igR is an uniformly bounded Co-group (Theorem I2.5p whose infinitesimal 
generator is (A,D(A)) and C/j = /^^p(A), i.e, 

/•oo roc 

Cpf = H (1 - e-0^-ie-^(i-i/^)T,,p/dr = / f^,,ir)T,Jdr, 



where fi3,p{r) = X[o,oo)(^)/3(1 — e ^)'' "^e '^^^ ^^^^ for r G M, see Theorem 13.31 By [2T 
Theorem 3.1], we obtain 



a(C/5) = //3,p(a(zA)) 

where //j^p is the Fourier transform of the function /^_p. As a{iA) 
12.61 (ii)) and fp^pit) = C{fp^j^{it) we use that 



C{fp,p){z) = P I e 

'0 

to conclude the result. 



XI - e~'f-^e-''^^-^/PUr 



r(/3 + i)r(i-i + 
r(/3 + i-i + ^) 



(see Proposition 



zeC+. 



Remark 3.6. In the case that n G N, we obtain that 

nip"' 



ct(C„) 



{{n + it)p - 1) . . . {{1 + it)p - 1) 



teR} u{0}. 



and for n = 1 
a{C,) = 



P 

'l + it)p- 1 



: t GM^ U{0} = <^t/7 G 



w 



p 



2{p - 1) 



p 



2{p-l) 
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Now we consider the generalized dual Cesaro operator C% on 7^ (t") defined by 

C;f{t):=PJ ^ J f{s)ds = pj ^ J f{tr)dr, t > 0. 
For < 7 < 1, functions g^ are eigenfunctions of Q with eigenvalue p/g_ ^^^ : 

for t > 0. 

Using similar ideas to Lemma 13. 2[ we obtain 

(3.5) DloC;{f) = C;oDl{f), /G5+ 

where D'^fit) = — -rt"W"f(t) for / G 5+ and t > 0. Hence we are ready to prove 

our main dual result. 

Theorem 3.7. The operator C% is a bounded operator on 7^ (t") and 

r(/3 + i)r(i/p) 
"''^" rw + i/p) ' 

for a >0, p > 1 and /3 > 0. The dual operator of Cf^ on Tp {t"') is C*^ on TS {t"), i.e. 



{Cpf,g). = {f,c;9)a, feTi''\t^), ger^r\f 



(")/J.a^ 
tf yvueiL in n upusiiioii \/^.^\ (vuj uiiu ' 

Ifferi''\t'^), then 



where ( , )a is given in Proposition \2.B (iv) and - + ^ = 1 



Clfit) = (3 [ {e-^-lf-'e-''^'-'/P~^%J{t)dr, t > 0, 

where the Co-group (Tr^p)jgiR is defined in Theorem \2.5[ 
Proof. We change the variable s = te^ to obtain 

C;f{t) = /3 / ^' ; f{s)ds = /3 / (e^ - lf-^e^^'-^^f{te^)dr 



s^ 
13 I (e^ - lY-'e''^'-"-Pe-^f{te')dr 



t ^ JO 

oo 

/3-1 r(l-/3-i)^^ ./, r-N 








f3 / (e-^ - lf~'e-''^'-'/P-^%pf{t)dr 



for / G 7^ (t"), p > 1 and t > 0. To check ||Co||, note that by the Lemma [3.21 and the 
boudedness of C^ on L'P(]R"'") (see the Introduction) we get that 



\c;f\\a,p = \\Dioc;f\\,= \\c;oDif\\ 



p 



r(/3 + i)r(i/p),,^„^,, r(/3 + i)r(i/p) 



mfw 



P ~ ■p/'/Pil/N ll-l I l^^'P' 



r(/3 + i/p) " +^"^ np + i/p) 
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where we have apphed the Proposition 12.21 (iii) and the equahty fl3.5p . 
To conclude the proof, take / G 7^ (t"), and g G TS {t"). Then 

{Cpf,g)a = {Dl{C^f),DXg)o= mDXf),Dlg)o= {Dlf,C;iDlg))o 
= {Dlf,Dl{C;g))o={f,C;9))a, 

where we have used Lemma 13^ (C^)* = C^ and equahty (13.51) . ■ 

Remark 3.8. Take (3 = 1 and / G Ip {t""). Then 

Clfit) = / e-vT.rJ{t)drds = R{l/p, -k)f{t), t > 0. 

J —oo 

and by the spectral theorem for the resolvent operator, see [8], Theorem IV. 1.1 3], we 
obtain 



a{Cl) = {weC : |^-|| = f} 



This gives a proof of a conjecture posed by F. Moricz in |17i Section 2]. See a similar 
result in [21 Theorem 3.2]. 



In the following theorem we describe cr(CS) for /3 > 0. 



Theorem 3.9. Let (3 > 0, 1 < p < oo, and CI : Tp"'\r) ^ Tp''\t'') the generalized dual 



Cesdro operator. Then 



ni+^t) 



Proof. We remind that {Tt^p)teR is a uniformly bounded Co-group whose infinitesimal 
generator is (A,D(A)) and C^ = ^^(A), i.e, 

^0 poo 

C;f = (3 (e-^ - l)^-'e-'^^'-'/P-^%,fdr = / g^,,{r)Tr,pfdr, 



J — oo 



where g/3,p{r) = X(_oo,o](^)/3(e ^ — 1)'' ""^e ''^"'^ ^^^ ^^ for r G M, see Theorem 13.71 By [2T 
Theorem 3.1], we obtain 

cr(C;) = ^(^(zA)) 

where 'g^ is the Fourier transform of the function gjSp. As a{iA) = M, and gj(p{t) = 
C{g^){-it) (where (7^(0 := 9i3A-0 for ^ > 0) we use that 

to conclude the result. 1 
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Remark 3.10. In the case that n G N, we obtain that 

^(O = ItT T^ -. r^^^ -. TTT^ r- : t G m1 U {0}, 

^ "^ \{{n-l)p+l+tt)...{p+l + tt){l+tt) J ^ ^' 

and for n = 1 

Remark 3.11. In the case that p = 2 we have cr(C/3) = cr(Q) for all /3 > 0. Note that in 
case p 7^ 2 the spectrum of C/3 and C^ are dual in the sense that ^"(C/?), with Cjs defined 

on Tp'^\t''), is identical to ct(C^), with C^ defined on Tp°\t"), and where i + ^ = 1. 

To finish this section we prove the remarkable fact that Ca and CS commute on Lp(M"'") 

(and then on Tp {1°")). We also give explicitly the value of CaC*^ in terms of the the 
Gaussian hypergeometric function 2-^1. This theorem includes [T71 Lemma 2] for a = /3 = 
1. 

Theorem 3.12. Let Ca and CI the generalized Cesdro operators on L^(M+) for p > 1. 
Then C^C*^ = C^C^ for a, /3 > and 

1 I t — r\ „ , „ „ „ r. 



(C„C;)/(t) = a j f{r)-^—[—^\ 2Fi(« + /3,/3;/3 + l;-)rfr 



1 I r — t\ „ , „ t. 



in particular 



+ H /W;— 7(^1 2i^i(« + /3,«;« + l;-)rfr, 



(r - t)^ 



(CiC;)/(t) = CJ{t) + P f(r)^—^,F,iP + l,l;2;-)dr. 



13+1 ^ '-'•^ ' ' ' ' ^• 



(C,C*)/(t) = aj f{r)^^-^,F,{a + l,l;2;'^)dr + CU{t), 

{C,Cl)f = C,f + Clf = {ClC{)f, 

for f G L*'(]R+) and t almost everywhere on M"^. 

Proof. By the integral representations (13. ip and (13. 6p . and since Tt^p commutes with 
Tr^p for any t,r e^, we conclude that C„Q = C^C^ for a,/3 > 0. Take / G Lp(M+) and 
we apply the Fubini theorem to get that 






C;C/(t) = /3« / ^ ' / (x-r)°-V(r)c?rrfa: 



/3a /"/(r) /" i^_Jll^i^_Zmc^a;rf^ 

Jo Jmax{t,r} ^ 



16 CARLOS LIZAMA, PEDRO J. MIANA, RODRIGO PONCE, AND LUIS SANCHEZ-LAJUSTICIA 

for t almost everywhere on M^. For < r < t, this equahty 



holds, see for example [HI p. 314, 3197(1)]. 
Now take a = 1. Since 

(1 - zy2Fi{a,b;c;z) = 2Fi{a, c - b; c; ^—-) 
(see for example [121 P-47]), we get that 

. \ 1+/3 1 



2 



Fi(l + /3,/3;/3 + l;-) = - 2i^i(l + /3, 1; 1 + /3; 



t — r \ t J t t — r t — r t 

where we apply that 2Fi{— a, b;b; —z) = (1 + z)", ([161 P- 38]). Similarly we prove the 
case /5 = 1. ■ 

4. Composition groups on Sobolev spaces defined on M. 

In this section we introduce the subspaces 7^ (|t|") which are contained in L^(R), 
similarly to 7^ (t°) are in L^(]R"'"). Let S be the Schwartz class on M and we set 

wzv{x) = ^, r {x~tr~'f{t)dt, 

r(a) y_oo 

and W^f = /, for x G M and a natural number n > a. Putting f{x) = f{—x), it is 
readily seen that W^f{x) = WZf{—x) for all a e M, / G 5 and x G M. Equahties 
Vr^+^ = W^W'l and W!lf = /(") hold for each natural number n and a,/3 eR. 
For / G iS, put 

i^i^o/W - I e^™H/^/(t), t>0. 
For A > 0, we have that W^{fx) = \''iW^f)x, where ^(t) = /(At) for t G M. 

Definition 4.1. Let 1 < p < oo. The Banach space 7^ (|t|") is defined as the completion 
of the Schwartz class on R in the norm 

\\\f\\Uv ■■= ^^ (/ Jl^°"^^'^^l 1^'"^'^^ 

Similar properties to Ip {t"") hold in 7^ (|t|"). The proof of next proposition is similar 
to the proof of Proposition 12.21 and we skip it. 

Proposition 4.2. Take p>l and /3 > a; > 0. Then 

(i) ri^\W)'-^ri''\\t\'')^Lvm. 
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(ii) The operator D^ : Tp^"\\t\'') -^ Lp{R) defined by 

i a + 1) 



is an isometry. 
(iii) If p > 1 and p' satisfies - + ^ = 1, then the dual o/7^ (|t|") is Tp,{\t\°'), wh 
the duality is given by 



1 r°° 

forfe%^''\m,ge%^r\m. 

For p = 1, the subspace 7^ (|t|") was introduced in [121 Definition 1.9]. In fact 
7^ (|t|") is a subalgebra of L^(M) for the convolution product 

fit-s)gis)ds, teR, f,gerl"\\tn, 

-oo 

see fi2\ Theorem 1.8] and also p3| Theorem 2] for some more details. 

Theorem 4.3. Let 1 < p < oo. The Banach space 7^ (|t|") is a module for the algebra 
Tl"\\t\^) and 

III/ * 9\\\a,p < Qp|||/|iu,,|||^|iu,i, / G r,(")(|tr), g G r/"H|tr). 

Proof. Take f,g E S. We write /+ := /X[o,oo) and /_ := /X(-oo,o]- By considering the 
decomposition f * g = {f^ * g^^) + (f^ * g_) + (/_ * g^) + (/_ * g_) on M, and we apply 
Lemma 1.6] and the fact that f_ * g_ = on (0, oo) to obtain that 



W^if * gUit) = W^if+ * g+m + {W^f+ * (7-)(t) + (H^>+ * /-)(t), t > 0. 
Now, first, 

II/+ * 5'+I|q,p ^ L;a,p||/+||Q,p||5'+l|Q,l ^ C^a,p|||/|||a,p|||fi'|||o,l 

by Proposition 12.21 (ii). 

On the other hand, 7^ (t") C L^(M+), and we apply the Minkowski inequality to get 
that 

1 



I W^f+^g-mn^Mt'j <i^j^ ^ \W:f^is + t)\\g4s)\dsj f^^dtj 

\94s)\U^ \W^f+{t + s)\H''Pdt\ ds<j^ \9-is)\U \W:f+{u)fu''Pdu\ ds 



< r(a + l)|||^|||o,i||/+IU,p<r(a + l)|||(7||U,i 



a.p- 
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As Tp {t°') C L'^'i^'^) for p > 1, and we apply again the Minkowski inequality to obtain 
that 



1 

- / /-OO / fOO 



< r(a + l)|||/||U,p||(7+|U,i<r(a + l)|||/||U,p|||(7||U,i- 
Combining these estimates obtained, we get 



\W^{f * gm\P rm) <q||/||U,p|||^||U,i- 



1 



Finally, because W°{f * g){t) = W^{f * g){-t) if t < using the inclusion r}"'\t'') C 
L^(M+) as above for j9 > 1, we have that 

^^^(/° \W^U-*9m\ntrdty <C\\\f\\\^J\\g\\\^,^. 

The result follows. ■ 

We remark that, as in the case of Tp {t°'), it is easy to verify that (Ttp)(giR is a Co- 
group of isometries on 7^ (|t|") as the next theorem shows. The proof runs parallel to 
the proofs of Theorem 12. 5[ Proposition 12.61 and Proposition 12.71 and hence we omit it. 

Theorem 4.4. Let I < p and a > 0. We define the family of operators (Tt^p)t£R by 

T,p/(.):=e-f/(e-*.), / g T.^^Hir)- 

(i) Then (Tt^p)teR is a C^-group of isometries on 7'p {\t\°') whose infinitesimal gener- 
ator A is given by 

{Af){s):=-sns)-^f{s) 

with domain D{A) = 7;^°+^^(|t|°+i). 
(ii) o"p(A) = and o"(A) = iM (here Op denotes the point spectrum). 
(iii) The semigroups {Tt^p)t>o o,nd {T^t.p')t>o O'l"^ dual operators of each other acting on 

Tp^'^^m and Tp^r^m with i + ^ = l /orp > l. 



generalized cesaro operators on sobolev spaces 
5. The generalized Cesaro operators on M. 
For /3 > we define the generalized Cesaro operator by 

r /3 
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^ / {s-ty-'f{s)ds, t<0, 



Cpf{t) ■■= I 



/(O), 



t = 0, 



I f\t-sr-'fis)ds, t>o, 

x •-'0 

for f E S. We are interested in the extension of C/3 on 7^ (|t|"). Note that we may write 

Cpfit) = /3 / (1 - rf^'fMdr, teR, feS. 
Jo 

We use this integral representation to proof the next lemma. 
Lemma 5.1. Take a > and (3 > 0. Then Dq oCp = Cj^ o Dq, i.e., 

D^{Cp{f))=Cp{D^{f)), feS, 
where D^f{t) = ^^\t\-W,^ f (t) for feS. 

Proof. Since for A > 0, we have that Wg'ifx) = X'^iW^Dx, where fxit) = /(At) for 
t G M, the proof follows similarly to Lemma 13.21 ■ 

Similar results of C/3 on Tp {t") hold for C/^ on Tp {\t\"). The proof of next result is 
analogous to the proof of Theorem 13.31 and Theorem 13.51 

Theorem 5.2. Let a > 0, /3 > 0, 1 < p < oo and the generalized Cesaro operator Cp on 
ri°'\W). Then 

(i) The operator Cp is hounded on Tp {\t\°') and 

r(/3 + i)r(i-i/p) 
" ^" r(/3 + i-i/p) • 

(ii) Ifferi''\\tr),then 

POD 

Cfsfit) = /3 / (1 - e-y-'e-'-^'''MT^.J{t)dr, t e M, 
Jo 

where the Co-group (Trp)reR is defined in Theorem \4.4 - 
(iii) 



r(i-i + it) 



20 CARLOS LIZAMA, PEDRO J. MIANA, RODRIGO PONCE, AND LUIS SANCHEZ-LAJUSTICIA 

Now we consider the generalized dual Cesaro operator Ct defined for /3 > by 



C;fit) := <^ 



[s-ty 



-fis)ds, t<0, 



t = 0, 



-f{s)ds, t>0, 



and D^ o C;{f) = C; o D^if), where D-f{t) = Y^l^l^^^ofit) for / G 5 and t G M. 
Note that we may write 

(s- 1)^-1 



c;fit) = p 



-f{ts)ds, t ^ 0, 



'1 s^ 

for f E S. The proof of next result runs parallel to the proof of Theorem 13.71 and 13.91 

Theorem 5.3. Let a > 0, /3 > 0, 1 < p < oo and the generalized dual Cesaro operator 
C; on 7;^°^ (|t|°). Then 

(i) The operator CI is bounded on 7^ (|t|") and 

r(/3 + i)r(i/p) 
" '^'i TiP + i/p) ■ 

(ii) The dual operator of Cp on 7^ (|t|") is C*^ on 7^/ (|t|"), i.e. 

w,g)o. = {f,c;9)., /er,(°)(ir), ^er^^Hir), 

where ( , )a ^s g'zt'en m Proposition \4 ■ ^| (^mj. 
(iii) ///GTp^^^dtr), i/^en 

(5.1) C;/(t) = P [\e-^--lf-'e-^<'-'/^-^%,f{t)dr, t eR, 

J —00 

where the Co-group {Tr^p)r&R is defined in Theorem 4-4- 



IV 



a(q) = r(/3 + i). 



nl+^t) 



: t e 



r(/3 + i + zt) 

Remark 5.4. Note that for t = 0, by the integral representation (15. ip 

/■oo 

C*/(0) = /(0)/3 / (1 - e-^Y'^dr = 00, / G 5. 
Jo 
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6. Fourier transform and Cesaro generalized operator 
We remind the reader that the Fourier transform of a function / in L^(]R) is defined by 

/oo 
e-'^'f{x)dx, t e M. 
-oo 

It is well-known that / is continuous on M and f{t) — )■ when |t| ^ cx3 (the Riemann- 
Lebesgue lemma). In the case that / G Lp(M) for some 1 < p < 2, the Fourier transform 
of / is defined in terms of a limit in the norm of L^ (M) of truncated integrals: 

i.e., / e LP'(M) and lim^^oo 11/ - fX{-R,R)\\p' = where i + ^ = 1 and X(-r,r) is the 
characteristic function of the interval {—R,R), see for example [2H Vol 2, p. 254]. Then 
the existence of f{t) is guaranteed only at almost every t and / may be non continuous 
and the Riemann-Lebesgue lemma could not hold (unlike the case when / G L^(M)). 

In case that / G L^(M) for some 2 < p < oo, the Fourier transform / cannot be defined 
as an ordinary function although / can be defined as a tempered distribution, see for 
example [221 PP 19-30]. 

In the next theorem, we consider the Fourier transform on the Sobolev space 7^ (|t|"). 

Theorem 6.1. Take 1 <p <2 andn eN. Then f G 7^^"^^") for f G 7;^"^(|t|") and 

i + ^ = l. 

p p 

Proof. Take / G Tp^"\\t\''). Since Tp^"\\t\'') C T}^\\t\^), we have that x^ f^^'> G Lp(R) 
for < j < n. As 



j=o \3 / J- 



n eN, t a.e. on M, 



In what follows, we show that 



(see for example [24j), we conclude that {itY'ifY'^^ G Lp'(M) and then / G 7^)"^^") 



C^(/)=C;(/), and C*{f)=Cp{f), / G L^(R), 

for 1 < p < 2 (Theorem 16.41) . This theorem extends the case /3 = 1 formulated in 
[1] and proved in [18j. Our approach looks like to be new and is based in the integral 
representations of C/3(/) and C^(/) given in Section 3. 

Lemma 6.2. Let 1 < p < 2 and the family of operators (Tt^p)teM. defined by Tt^p{f) : = 
e~pf{e~^-), for f G Lp(R). Then 

f^) = T,tAf)^ /eL^(M), - + ^ = 1- 

p p' 
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Proof. Consider 1 < p < 2, R > and f e Lp{R). We write by Jr := fx{-R,R)- 
Taking a = in Theorem 14.41 we conclude that Tt.p{f) G ^^(M) and then Tt^p{f) = 
hmR_,oo {tZ(J))r in ^^'(M). Note that 

J~R J-e-^R 

Since hm/j_j,oo fe-^R = / in L^ (R), and T^y is continuous on L^ (M), we conclude the result. 
The case p = 1 may be considered directly taking i? = oo in the integral expressions. ■ 

Remark 6.3. Since 7;^"^(|t|") ^ Lp{R) (Proposition |42](i)), the equality T\M) = Tt^pif) 
holds for / e T}"\\t\'') for a > and 1 < j9 < 2. 

Finally, we are ready to prove the main result in this section. 
Theorem 6.4. Let (3 >0. 

(i) IffeLP{R)forsomel<p<2, thenC^ = C;if). 

(ii) Iffe LP{R) for some l<p<2, then C*(7) = C/sif). 

Proof, (i) Take / G L^(M) for some 1 < p < 2. By Theorem 15.21 (ii) and Lemma [6.21 we 
have that 

poo 

Cpif)ix) = a {l-e~^f-^e-^^^~^Mf;j{x)dT 
Jo 

= /3 f (e-^ - l)^-'e-^^'/P-^%,,f{x)dr 

J —oo 

= /3 r (e- - lf~'e-''^'-y^^Tr,J{x)dr = C;{f){x) 

J —oo 

for almost every a; on R and we use the formula 05.11) . 

(ii) Now take / G L^(M) for some 1 < p < 2. By the integral representation (15. ip of CI 
and Lemma [6.21 we have that 

C^){x) = (3 r {e-^ - l)^-'e-^^'-'^-^^T,r,p'f{x)dr 

J —oo 

oo 



oo 



/3 / (1 - e''-y-'e~-^Tr,p,f{x)dr 
Jo 

poo ^ 

/3 / (1 - e-^f-'e-'^'-V^T,,,,T{x)dr = Cp{T){x) 



Jo 

for almost every a; on M and we use the Theorem 15.21 (ii). 

Remark 6.5. By the Proposition |231 we get that C^{t) = Q(/)(t) and C^{t) 
Cp{J){t) for t ^ and / G 7;^"H|t|"), 1< p < 2 and a > L 



GENERALIZED CESARO OPERATORS ON SOBOLEV SPACES 23 

Acknowledgements. R. Ponce wishes to thank the members of the Instituto Univer- 
sitario de Matematicas y Aphcaciones (I.U.MA.) at Universidad de Zaragoza for their 
kind hospitahty. 

References 

[1] W. Arendt, H. Kellerman, Integrated solutions of Volterra integrodifferential equations and appli- 
cations, in: Volterra Integrodifferential Equations in Banach spaces and Applications, Trento, 1987, 
in: Pitman Res. Notes Math. Ser., vol. 190, Longman sci. Tech., Harlow, 1989, pp. 21-51. 
[2] W. Arendt, B. de Pagter, Spectrum and asymptotics of the Black-Scholes partial differential equation 

in (L^ , L°°) -interpolation spaces, Pacific J. Math. 202 (2002), no. 1, 1-36. 
[3] A. Arvanitidis, A. Siskakis, Cesdro Operators on the Hardy Spaces of the Half-Plane, Canadian 

Math. Soc. doi:10.4153/CMB-2011-153-7. 
[4] R. Bellman, A note on a theorem of Hardy on Fourier constants, Bull Amer. Math. Soc 50 (1944) 

741-744. 
[5] A. Brown, P. Halmos, A. Shields, Cesdro operators. Acta Sci. Math. (Szeged) 26 (1965) 125-137. 
[6] D.W. Boyd, The spectrum of Cesdro operators. Acta Sci. Math. (Szeged) 29 (1968) 31-34. 
[7] C. Cowen, Suhnormalilty of the Cesdro operator and a semigroup of composition operators, Indiana 

Univ. Math. J. 33 (1984) 305-318. 
[8] K.-J. Engel, R. Nagel, One-parameter semigroups for linear evolution equations. Springer, New 

York, 2000. 
[9] A. Erdelyi, W. Magnus, F. Oberhettinger, F. G. Tricomi, Tables of Integral Transforms, Vol. H, 
McGraw-Hill, New York, 1954. 
[10] G. Hardy, J. Littlewood, G. Polya, Inequalities, Cambridge University Press, 1964. 
[11] I.S. Gradshteyn, I.M. Ryzhik, Table of integrals, series and products, Academic Press, New York, 

2000. 
[12] J. Gale, P.J. Miana, One-parameter groups of regular quasimultipliers, J. Funct. Anal. 237, 2006, 

1-53. 
[13] C. Lizama, H. Prado, Rates of approximation and ergodic limits of regularized operator families, J. 

Approx. Theory 122, 2003, 42-61. 
[14] P.J. Miana, Integrated groups and .smooth distribution groups, Acta Math. Sinica, 23, 2007, 57-64. 
[15] K. Miller, B. Ross, An Introduction to the Fractional Calculus and Fractional Differential Equations, 

Wiley, New York 1993. 
[16] W. Magnus, F. Oberhettinger, R. P. Soni, Formulas and Theorems for the Special Functions of 

Mathematical Physics, Springer- Verlag, Berlin 1966. 
[17] F. Moricz, The harmonic Cesdro and Copson operators on the spaces L^ , 1 < p < cxd, H^ and 

BMO, Acta Sci. Math (Szeged) 65 (1999) 293-310. 
[18] F. Moricz, The harmonic Cesdro and Copson operators on the spaces L^iM.), 1 < p < 2, Studia 

Math.l49(3) (2002) 267-279. 
[19] J. Royo, Convolution algebras and modules on R+ defined by fractional derivative, (in Spanish) 

Ph.D. Thesis, Universidad de Zaragoza, 2008. 
[20] S. Samko, A. Kilbas, O. Marichev, Fractional integrals and derivatives. Theory and applications, 

Gordon-Beach, New York, 1993. 
[21] H. Seferoglu, A spectral mapping theorem for representations of one-parameter groups, Proc. Amer. 

Math. Soc. 134(8), (2006), 2457-2463. 
[22] E.M. Stein, G. Weiss, Introduction to Fourier Analysis on Euclidean Spaces, Princeton Univ. Press, 

Princeton, NJ, 1971. 
[23] A. Siskakis, Semigroups of composition operators on spaces of analytic functions, a review. Preprint 

2012. 
[24] A. Zygmund, Trigonometric series, Cambridge Univ. Press, Cambridge 1959. 



24 CARLOS LIZAMA, PEDRO J. MIANA, RODRIGO PONCE, AND LUIS SANCHEZ-LAJUSTICIA 

Departamento de Matematica, Facultad de Ciencias, Universidad de Santiago de Chile, 
Casilla 307-Correo 2, Santiago-Chile. 
E-mail address: carlos . lizcunaOusach. cl 

Departamento de Matematicas, Instituto Universitario de Matematicas y Aplicaciones, 
Universidad de Zaragoza, 50009 Zaragoza, Spain. 
E-mail address: pjmiana@unizar.es 

Instituto de Matematica y Fi'sica, Universidad de Talca, Casilla 747, Talca, Chile. 
E-m,ail address: rponce@inst-mat.utalca.cl 

Departamento de Matematicas, Instituto Universitario de Matematicas y Aplicaciones, 
Universidad de Zaragoza, 50009 Zaragoza, Spain. 
E-m,ail address: luiss@unizar.es 



